Abstract. Understanding the possible conditional structure in a given weakly-null sequence (xi) in some normed space X lies in the heart of several classical problems of this area of mathematics. We will expose the set-theoretic and Ramsey-theoretic methods relevant to both the lack and the existence of this conditional structure. We will concentrate on more recent results and will point out problems for further study.
The unconditional basic sequence problem
Recall that a sequence (x i ) in some normed space X is unconditional if there is a constant C ≥ 1 such that i∈I a i x i ≤ C j∈J a j x j for any pair I ⊆ J of (finite) subsets of the index-set of (x i ) and for every sequence (a j : j ∈ J) of scalars. The unconditional basic sequence problem asking whether an arbitrary infinite-dimensional 1 normed space contains an infinite unconditional basic 2 sequence has played a prominent role both before and after its eventual solution by Gowers and Maurey [18] .
Theorem 1.1 ([18]
). There is a separable reflexive infinite-dimensional space X with no infinite unconditional basic sequence.
In [1] , Argyros, Lopez-Abad and Todorcevic were able to extend this to the level of non-separable spaces as well.
Theorem 1.2 ([1]).
There is also a non-separable reflexive space X with no infinite unconditional basic sequence.
The Ramsey-theoretic nature of the unconditional basic sequence problem was apparent quite early but the following result of Gowers [16] that immediately followed [18] required a new infinite-dimensional Ramsey theorem commonly known today as Gowers Dichotomy (see also [17] ).
Theorem 1.3 ([16]
). An infinite-dimensional Banach space contains either an infinite unconditional basic sequence or a hereditarily indecomposable Banach space. 3 Concerning this result we note that the space of Theorem 1.1 is actually hereditarily indecomposable while the space of Theorem 1.2 being reflexive and non-separable must have many decompositions as sum of two closed infinite-dimensional subspaces. In this article, we shall discuss the following two general versions of the problem. (2) When does an infinite normalized weakly null sequence in some normed space contains an infinite unconditional subsequence?
In view of the solution of the unconditional basic sequence problem these problems may appear a bit wage but here is one example that shows that even a partial result in this direction sheds some light to another classical problem in this area, the separable quotient problem.
Theorem 1.5 ( [20] , [24] ). If the dual X * of some Banach space X contains an infinite unconditional basic sequence then X admits a quotient with an unconditional basis.
Finite and partial unconditionality
Recall that a sequence (x i ) ∞ i=0 in some normed space is a Schauder basic sequence if it is normalized and if there is a constant C ≥ 1 such that i<m a i x i ≤ C j<n a j x j for all m < n and all choices (a j : j < n) of scalars. The classical procedure of Mazur for selecting a Schauder basic sequence inside an arbitrary Banach space when applied to subsequences of a given weakly null sequence gives us the following result of Bessaga and Pelczynski [5] . 3 Recall that an infinite-dimensional Banach space X is indecomposable if it cannot be written as sum Y Z of two closed infinite-dimensional subspaces Y and Z. We say that X is hereditarily indecomposable if all closed infinite-dimensional subspaces of X are indecomposable.
Theorem 2.1 ([5]
). For every ε > 0, every normalized weakly null sequence (x n ) contains an infinite (1 + ε)-Schauder basic subsequence (x ni ).
A further application of Ramsey theorem will give us the following multidimensional version of a result of Odell [38] . [38] ). Let k a positive integer and ε > 0. Suppose that for every i < k we are given a normalized weakly null sequence (x i n ) ∞ n=0 in some Banach space X. Then, there exists an infinite set M of integers such that for
As indicated before, in general, it's not possible to improve this result and get an infinite unconditional basic sequence starting from infinitely many weakly null sequences. The following early result of Maurey and Rosenthal [31] identifies the minimal counterexample.
Theorem 2.3 ([31]). (1)
For every ε > 0 and every α < ω ω , every normalized weakly null sequence in C(α + 1) has a (2 + ε)-unconditional subsequence.
(2) For every ε > 0 every normalized weakly null sequence in C(ω ω + 1) has a (4 + ε)-unconditional subsequence.
(3) There is a normalized weakly null sequence in C(ω There are several results in the literature that give sufficient conditions on a given weakly null sequence in order to contain an infinite unconditional subsequence. Of these we mention the following result that uses the Nash-Williams theory of fronts and barriers.
Theorem 2.4 ([3]
, [14] , [45] ). Suppose that (x n ) is a normalized weakly-null sequence in ∞ (Γ) with the property that
Then (x n ) contains an infinite unconditional basic subsequence.
There is indeed a very natural relation between weakly null sequences (x n ) ∞ n=0 and compact and precompact families of finite subsets of N that are subject to the Nash-Williams theory. To see this, assume, without loss of generality that (x n ) is a weakly null sequence in some space of the form ∞ (Γ). For γ ∈ Γ, set
Let F = {F γ : γ ∈ Γ}. Then F is a precompact family of finite subsets of N, i.e., all the pointwise limits of this family are finite sets, or to put it combinatorially, every infinite subset M of N contains a finite initial segment s such that s is not a proper initial segment of any element of the family F. Let B be the collection of all finite subsets s of N that have no proper end-extensions in F and are minimal with respect to this property, i.e., every proper initial segment of s has an endextension in F. First of all note that B is a thin family, i.e., forms an antichain relative to the ordering of end-extension. However, note that B is a front, i.e., every infinite subset M of N has an initial segment in B. These are the notions introduced originally by Nash-Williams [36] , where he proved that thin families have the Ramsey property in the following sense. Note that for a fixed positive integer k the family [N] k of all k-element subsets of N is a thin family (and, in fact it is a front) and that in this case Nash-Williams' theorem reduces to Ramsey's theorem. However, Nash-Williams' theorem is in fact a far-reaching extension of Ramsey's theorem that initiated the study of Ramsey theory of infinite dimension, the Ramsey theory most relevant to the questions we discuss here. So, going back to our family F associated to the weakly null sequence (x n ) and the front B and applying Nash-Williams' theorem we find an infinite set such that
From this we conclude that any study of further subsequences of (x n ) n∈M must involve the front B on M. A closer examination reveals that one has to study mappings with domains B M. The following important result of Pudlak and Rödl [40] reveals the true complexity of any such study. (1) ϕ is an internal mapping, i.e., ϕ(s) ⊆ s for all ∈ B M , (2) ϕ(s) ϕ(t) for all s, t ∈ B M such that ϕ(s) = ϕ(t) and
This shows that the complexity weakly null subsequence (x n ) n∈M is captured by the complexity of internal mappings on fronts like B M. It should also be mentioned that the mapping ϕ satisfying the conclusion of Theorem 2.6 must be a unique such a mapping with domain B M. More precisely, suppose that
are two mappings satisfying the conclusion of Theorem 2.6. If the intersection
Another useful consequence of Theorem 2.5 is that for every front B there is an infinite set M such that B M is, in fact, a barrier on M , i.e., that every infinite subset of M has an initial segment in B and that, moreover, B M is Sperner, i.e., that s ⊆ t for all s = t in B M. Thus, without loss of generality we may work with barriers instead with fronts. One useful property of barriers B is that for every infinite set M the topological closure B M is simply equal to the ⊆-downwards closure of B M. Note that the finite rank fronts [N] k are also barriers, but there are barriers B whose topological closures have arbitrary countable Cantor-Bendixon ranks. One important example of a barrier of rank ω is the Schreier barrier
that forms the initial stage of a well studied transfinite hierarchy S ξ (1 ≤ ξ < ω 1 ) of Schreier barriers of higher ranks. Part of their importance in this area is based on the fact that their topological closures are spreading, i.e., the property that if some s belongs to S ξ then so does every finite set t of the same cardinality as s such that for every i < |t|, the ith element of t is bigger or equal than the ith element of s. We refer the reader to [28] which attempts towards a systematic study of combinatorial and topological properties of barriers as well as systematic study of internal mappings on barriers that are relevant to problems about weakly null sequences. We finish this section by mentioning the well-known result of Elton [10] about the unconditional structure found inside arbitrary weakly null sequences.
Theorem 2.7 ([10]
). For every 0 < ε ≤ 1 there is a constant C(ε) ≥ 1 such that every normalized weakly null sequence (x n ) has an infinite subsequence (x ni ) such that i∈I a i x ni ≤ C(ε) j∈J a j x nj for every pair I ⊆ J of subsets of N and every choice (a j : j ∈ J) of scalars such that ε ≤ |a j | ≤ 1 for all j ∈ J.
The following problem is in the literature known as the Elton unconditional constant problem (see, for example, [6] ).
w * -null sequences and the quotient problem
Recall that a sequence (f γ ) γ∈Γ of bounded linear functionals on some normed space X is w * -null if for every x ∈ X and ε > 0, the set {γ ∈ Γ : |f γ (x)| ≥ ε} is finite.
That nontrivial such sequences always exist is a theorem due to Josefson [25] and Nissenzweig [37] .
Having such normalized sequence (f n ) ∞ n=0 in X * one is tempted to apply the Bessaga-Pelczynski technique to try to select a Schauder basic subsequence. This is exactly what Johnson and Rosenthal [24] did when they realized that one should also be looking for such Schauder basic subsequence (f ni ) that has some sequence (x i ) in X as the corresponding sequence of biorthogonal functionals on the closed norm span of (f ni ). This is how they proved the following well-known result.
Theorem 3.2 ([24]
). Every separable infinite-dimensional space has an infinitedimensional quotient with a Schauder basis.
It is quite natural to ask if this result can be extended to arbitrary spaces and this is what became known as the separable quotient problem. If one tries using the Ramsey-theoretic or set-theoretic analysis of this problem one will observe that the arguments in [24] are enough for getting separable quotients for spaces of density < b. Recall that b is the minimal cardinality of a subset of N N unbounded in the ordering of eventual dominance. Recall also the similar number p, the minimal cardinality of a family F of infinite subsets of N such that F 0 is infinite for all finite F 0 ⊆ F but there is no infinite M ⊆ N such that M \N is finite for all N ∈ F. Recall also that m is the minimal cardinality of a family of nowhere dense subsets that cover some nonempty compact T 2 -space K which has no isolated points and which satisfies the countable chain condition. It is easily seen that ω 1 ≤ m ≤ p ≤ b. Then we have the following extension of the result in [24] .
Theorem 3.3 ([46]
). Suppose that a Banach space X has density < m and that its dual X * has an uncountable normalized w * -null sequence. Then X has a quotient with a Schauder basis of length ω 1 .
Remark 3.4. Given an w * -null sequence {f γ : γ < ω 1 } ⊆ X * , the proof finds an uncountable subsequence {f γ : γ ∈ Γ} that forms a Schauder basis of its normclosed linear span span{f γ : γ ∈ Γ} and a quotient map
onto the dual of this space which itself has a Schauder basis {f * γ : γ ∈ Γ} formed by the biorthogonal functionals of the Schauder basis {f γ : γ ∈ Γ}. This feature of the proof is of independent interest and has already been used in appplications some of which will be mentioned below.
To satisfy the hypothesis of Theorem 3.3 one needs to invoke a set-theoretic dichotomy, PID. To introduce this dichotomy, we need to recall some standard definitions.
Definition 3.5. Recall than an ideal on an index set S is simply a family I of subsets of S closed under taking subsets and finite unions of its elements. We shall consider only ideals of countable subsets of S and assume that all our ideals include the ideal of all finite subsets of S. Definition 3.6. We say that such an ideal I is a P-ideal if for every sequence (a n ) in I there is b ∈ I such that a n \ b is finite for all n.
Example. (a) The ideal [S]
<ℵ0 of finite subsets of S is the trivial P-ideal.
(b) The ideal [S]
≤ℵ0 of all countable subsets of S is a P-ideal and, in fact, a maximal ideal in the category of ideals of countable sets.
(c) Ignoring the ideal of finite subsets of S there is another class of small P-ideals I = F ⊥ , determined by a family F of cardinality < b of subsets of S in the following manner:
The P-ideal dichotomy states that every ideal I on an arbitrary index-set S either contains the ideal of all countable subsets of some uncountable subset T of S or there is a countable decomposition (S n ) of S such that I ⊆ {S n : n < ω} ⊥ .
More precisely we have the following definition.
Definition 3.7. The P-ideal dichotomy, PID, is the statement that for every Pideal I of countable subsets of some index set S, either
there is a decomposition S = n<ω S n such that I ⊆ {S n : n < ω} ⊥ .
We refer the reader to [49] for more about this interesting dichotomy which, on one hand, follows from the strong Baire category principles such as mm > ω 1 but, on the other hand, is consistent with the Continuum Hypothesis. But let us only mention one of its applications to problems of our interest here.
Theorem 3.8 ([46]
). Assume PID. Then every Banach space X of density < m has a quotient with a Schauder basis which can be assumed to be of length ω 1 if X is not separable. Recall that an Asplund space is a Banach space X with the property that separable subspaces of X have separable duals. They were originally introduces as spaces X with the property that every convex continuous function defined on a convex open subset U of X is Fréchet differentiable on a dense G δ -subset of U . Recall also that a Banach space X has the Mazur intersection property if every closed convex subset of X is the intersection of closed balls of X. Mazur [32] proved that every Banach space with a Fréchet differentiable norm has the Mazur intersection property, so it was quite natural to ask if Asplund spaces have this property as well. The following two fact connects Theorem 3.8 to this problem.
Theorem 3.10 ([23]
). Suppose that a Banach space X has a biorthogonal system
then X admits an equivalent norm with the Mazur intersection property.
Theorem 3.11 ([4]).
Suppose X is an Asplund space of density ℵ 1 with an uncountable biorthogonal system. Then there is a normalized sequence {x ξ : ξ < ω 1 } of elements of X such that the operator f → (f (x ξ ) : ξ < ω 1 ) maps X * into a nonseparable subset of c 0 (ω 1 ).
Remark 3.12. Note that this result is giving us a particular instance of the hypothesis of Theorem 3.3. So applying (the proof of) Theorem 3.3 (see Remark 3.4), we get an uncountable subsequence {x γ : γ ∈ Γ} forming a Shauder basis of its norm-closed linear span span{x γ : γ ∈ Γ} and a quotient map
onto the dual of this space which itself is spanned by the basis {x * γ : γ ∈ Γ} formed by the biorthogonal functionals of the basis {x γ : γ ∈ Γ}. So if in addition X (and therefore X * ) has density ℵ 1 , we satisfy the hypothesis of Theorem 3.10.
Combining this with Theorems 3.3 (Remarks 3.4 and 3.12), 3.10 and 3.8, we get the following. Assumptions like m > ω 1 are necessary in Corollary 3.9 in view of the following fact 6 .
Theorem 3.14 ( [43] ). If b = ω 1 then there is a non separable Asplund space of the form X = C(K) with no uncountable biorthogonal systems.
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We finish this section with another application of Theorem 3.8. [27] and [29] ). However, given the assumption PID, we feel that it would be of independent interest to determine the exact extra assumptions that are needed for each of the three problems from the geometry of Banach spaces. For example, at this stage it is unclear if PID itself is sufficient for solving the problem of Rolewicz about support sets. On the other hand, it seems plausible that, assuming PID, the set-theoretic assumption b > ω 1 is equivalent to the the existence of an uncountable biorthogonal system in every nonseparable Asplund space and also equivalent to the statement that every Asplund space of density not bigger than ℵ 1 admits an equivalent norm with the Mazur intersection property.
Weakly null sequences on Polish spaces
When the weakly null sequence lives in ∞ (Γ) and Γ is a Polish space unconditionality results can be obtained using the Ramsey theory of trees based on the Halpern-Läuchli theorem [21] (see [48] ). We spend this section to give some explanation of this.
Definition 4.1. Fix a rooted finitely branching tree U with no terminal nodes. A subtree T of U will be called a strong subtree if the levels of T are subsets of the levels of U and if for every t ∈ T every immediate successor of t in U is extended by a unique immediate successor of t in T.
Theorem 4.2 ([21]).
For every sequence U 0 , ..., U d−1 of rooted finitelly branching trees with no terminal nodes and for every finite colouring of the level product U 0 ⊗ · · · ⊗ U d−1 , we can find for each i < d a strong subtree T i of U i such that the T i 's share the same level set and such that the level product T 0 ⊗ · · · ⊗ T d−1 is monochromatic. 7 In fact, X = C(K) is hereditarily Lindelöf relative to its weak topology so it admits no equivalent norm with the Mazur intersection property. 8 Recall that x in C supports C if there is f ∈ X * such that f (x) = min{f (y) : y ∈ C} < sup{f (y) : y ∈ C}.
This theorem serves as a pigeonhole principle behind the topological Ramsey space S ∞ (U ) of strong subtrees of U (see, [48] ). The following result of Milliken [34] is the analogue of the well-known result of Galvin and Prikry [13] about the space of all infinite subsets of N, the space that was relevant in the previous section of this paper.
Theorem 4.3 ([34]
). For every finite Borel colouring of the space S ∞ (U ) of all strong subtrees of U there is a strong subtree T of U such that the set S ∞ (T ) of strong subtrees of T is monochromatic.
In applications one usually colours some specific subsets F of U. This theorem is relevant because the "shape" of F uniquely determines its strong subtree envelope, so the colouring can be induced to S ∞ (U ). For more information about this, the reader is referred to the relevant Chapter of [48] . When the trees U 0 , U 1 , ..., U d−1 are uniformly branching then the corresponding version of the Halpern-Läuchli theorem is closely related to another well-known pigeonhole principle, the Hales-Jewett theorem [20] , and consequently also to the Hindman theorem ( [22] ) and the Gowers theorem ( [15] ) which also have Ramsey spaces associated to them (see [48] ). Here we mention one of these because of its relevance to the problems we treat here.
Let FIN be the collection of all nonempty finite subsets of N. A block-sequence in FIN is a sequence X = (x n ) ⊆ FIN such that x m < x n whenever m < n. We say that X = (x m ) is a block-subsequence of Y = (y n ) and write X ≤ Y whenever every x m can be written as a union of some of the y m 's. Let FIN [∞] be the space of all infinite block-sequences in FIN. The Hindman theorem is the pigeonhole principle behind the important fact that FIN [∞] forms a topological Ramsey space. We just mention here a consequence of this fact. ∞ is monochromatic.
Back to the analysis of weakly null sequences in ∞ (Γ) when Γ is a Polish space. The following classical result of Mycielski [35] is quite useful in reducing the complexity of the problem to its Ramsey-theoretic core.
Theorem 4.6 ([35]
). Suppose X is a Polish space and that M n (n < ω) is a sequence of subsets of some finite powers X kn of X such that M n is meager in X kn for all n < ω. Then there is a perfect set P ⊆ X such that [P ] kn ∩ M n = ∅ for all n.
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The following result of Argyros, Dodos and Kanellopoulos [2] is an inspiring application of Mycielski's theorem to Problem 1.4 (2) above.
Theorem 4.7 ([2]
). Suppose X is a Polish space and that (f a ) a∈2 N is a bounded sequence in ∞ (X) such that (x, a) → f a (x) is a Borel function from X × 2 N into R and that |{a ∈ 2 N : f a (x) = 0}| ≤ ℵ 0 for all x ∈ X. Then there is a perfect set P ⊆ 2 N such that the sequence (f a ) a∈P is 1-unconditional.
The Ramsey theory of trees based on the Halpern-Läuchli theorem was brought to this area of mathematics by the following result of the author.
Theorem 4.8 ([44])
. Suppose K is a separable compact set of Baire class-1 functions defined on some Polish space X. Let D be a countable dense subset of K, and let f be a point of K that is not G δ in K. Then there is a homeomorphic embedding
Example. We recall that P here is Pol's compactum [39] , the space
where the points of the Cantor tree 2 <N are isolated, the nodes of a branch of this tree converge to the corresponding member of 2 N and ∞ is the point that compactifies the rest of the space. This is of course a standard space but what Pol [39] shows is that P is homeomorphic to a compact subset of the collection of the Baire-class-1 functions on the Cantor set 2 N .
Combining Theorems 4.7 and 4.8, we get the following result.
Theorem 4.9 ([2]
). Suppose X is a separable Banach space that contains no 1 but whose dual X * is not separable. Then its double dual X * * contains a normalized 1-unconditional sequence of the form (f a ) a∈2 N .
Using this and Theorem 1.5, we get the following application to the separable quotient problem.
Corollary 4.10 ([2]
). Every infinite-dimensional dual Banach space has a separable infinite-dimensional quotient.
Product-Ramsey property
We introduce two closely related and well-studied Ramsey-theoretic properties of an index set Γ, or the corresponding cardinal |Γ|.
Definition 5.1. We say that Γ has the free-set property, and write FSP(Γ), if every algebra A on Γ with no more than countably many operations has an infinite free set, an infinite subset X of Γ such that no x ∈ X is in the sub algebra of A generated by X \ {x}.
Our interest here in this property is based on the following result from [8] .
Theorem 5.2. If a normalized weakly null sequence (x i ) i∈I is indexed by a set I that has the free-set property then it contains an infinite unconditional basic subsequence.
Definition 5.3. We say that an index-set Γ is polarized, or it has the productRamsey property, and write PRP(Γ), if for every colouring χ of the set Γ <ω of all finite sequences of the index-set Γ into 2 colours there exists an infinite sequence (X i ) of 2-element subsets of Γ or, equivalently, an infinite sequence (X i ) of infinite subsets of Γ, such that χ is constant on i<n X i for all n.
It is easily seen (see [7] ) that if the index set Γ has the product-Ramsey property then it has the free-set property. The converse is not true since the index-sets Γ satisfying PRP(Γ) must be of cardinality bigger than the continuum while it is possible that Γ = R has the free-set property (see, for example, [30] ). On the other hand, the PRP(Γ) is an interesting and useful Ramsey-theoretic property of an index-set which also has its Borel analogues (see [48] ) as well as its density analogue (see [50] ). However, as indicated above, the index set Γ satisfying the PRP has to be relatively large. This is also true about index-sets satisfying the free-set property.
Theorem 5.4 ([12]
). The free-set property fails for index-sets that have cardinalities < ℵ ω .
It turns out that this lower bound on cardinalities of index-sets Γ satisfying FSP and PRP is the best possible as the following result shows.
Theorem 5.5 ([26] , [7] ). It is consistent 11 with the axioms of set theory that every index set Γ of cardinality at least ℵ ω satisfies the product Ramsey property and, therefore, also the free-set property.
Corollary 5.6 ([8])
. It is consistent with the axioms of set theory that every normalized weakly null sequence of length at least ℵ ω has an infinite unconditional subsequence.
We shall also need the 2-dimensional version of PRP(Γ).
Definition 5.7. We say that an index-set Γ is 2-polarized (or, it has the 2-dimensional product-Ramsey property), and write in short as PRP 2 (Γ), if for every colouring χ of the set ([Γ] 2 ) <ω of all finite sequences of 2-element subsets of the index-set Γ into 2 colours there exist an infinite sequence (X i ) of infinite subsets of Γ) such that χ is constant on i<n [X i ] 2 for all n.
We have the following analogue of Theorem 5.5 which, however, uses a stronger consistency assumption.
Theorem 5.8 ([42] , [9] ). It is consistent with the axioms of set theory that an (every) index set Γ of cardinality ℵ ω satisfies the two-dimensional product-Ramsey property.
Our interest in this property is based on the following result of [8] .
Theorem 5.9 ([8])
. Suppose that (x γ ) γ∈Γ is a normalized and separated sequence in some Banach space X containing no 1 . If the index-set Γ satisfies PRP 2 (Γ) then there is an infinite sequence (β n , γ n ) of pairs of elements of Γ such that the semi-normalized sequence (x βn − x γn ) is unconditional.
Corollary 5.10 ([8])
. If PRP 2 (κ) holds then for every ε > 0 every Banach space of density at least κ contains an infinite (1 + ε)-unconditional basic sequence.
Corollary 5.11 ([8])
. It is consistent with the axioms of set theory that every Banach space of density at least ℵ ω has an infinite unconditional basic sequence as well as an infinite-dimensional quotient with an unconditional basis.
Problem 5.12. Is the weaker assumption PRP(Γ) sufficient for the conclusion of Theorem 5.9?
Problem 5.13. Can in some of these results the bound ℵ ω be replaced by ℵ n for n < ω?
We shall see below that this cannot be done in case of Corollary 5.6.
11 In fact, equiconsistent with the existence of an index set I which supports a σ-additive probability measure µ : P(I) → [0, 1].
Positional graphs and conditional weakly null sequences
Fix an ordinal Γ. For two finite subsets I and J of Gamma, let I < J denote the fact that every ordinal in I is smaller than any ordinal in J. Let I J denote the fact that I is an initial segment of J.
Definition 6.1. For an integer n, we say that two subsets F and G of Γ are in ∆(n)-position if there is a decomposition F ∩ G = I ∪ J such that
(1) I F and I G,
For a family V ⊆ [Γ]
<ω , we associate the corresponding positional graph
where we put an edge between two finite F, G ∈ V if they are not in the ∆(n)-
We shall be particularly interested in answers to the following general question.
Problem 6.2. For which Γ and V ⊆ [Γ]
<ω , the positional graph G n (V) is countably chromatic?
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Here is one partial answer to this question.
Unfortunately, this result cannot be extended to other ω k 's as it is easily seen that G n (ω 2 ) is not countably chromatic for any integer n. In fact, it is easily seen that for every inter n the graph G n (ω 2 ) contains an uncountable complete subgraph. This gives us the reason for the following definition.
Definition 6.4. We say that a family V of finite subsets of Γ is dense if for every
This leads us to the following more specific version of Problem 6.2. The idea of constructing conditional norms using special functionals is already present in the proof of Theorem 2.3(3) above. It has been used and modified in many constructions that followed afterwards. Here, we seem to have the optimal combinatorial hypothesis that makes this idea work. To see this fix an infinite subset M of N such that min(M ) ≥ n and such that k<l in M k l ≤ 1. Since G n (V) is countably chromatic, we can fix c : V → M such that:
(1) c(F ) = c(G) implies that F and G are in ∆(n)-position and
Definition 6.7. We say that a finite block sequence (s i ) i<k of subsets of Γ is c-special whenever (a) i<j s i ∈ V for every j < k.
Note that the assumption that V is a dense family of finite subsets of Γ ensures that every infinite subset A of Γ contains an arbitrarily long special block sequence of finite sets. The following set collects all the special functionals that we need for defining our conditional norm.
Using this we can define the following norm on the vector space c 00 (Γ) of all finitely supported real functions on Γ.
x F := max{ x ∞ , sup f ∈F x, f }.
Then for every subset t of Γ whose cardinality |t| belongs to M, we have that 1 t F ≤ |t| 1/2 , so (e γ ) γ∈Γ is a normalized weakly null sequence in (c 00 (Γ), · F ).
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The definition of a positional graph is made in order to facilitate the proof of the following crucial fact. k for large sets of ordinals A, which is our case here, mindependence is actually quite rare. Interestingly, the ρ-functions give us such functions that are densely often shift-preserving and min-dependent. More precisely, we have the following fact. This gives us the following result about Problem 1.4 (2).
Theorem 7.6 ([30]
). For every non-negative integer n there is a normalized weakly null sequence (e γ ) γ<ωn without infinite unconditional basic subsequence.
In view of this result and Theorems 1.1 and 1.2, the following question shows naturally.
Problem 7.7. Is there, for every non-negative integer n, a reflexive space of density ω n without infinite unconditional basic sequence?
